FUNCTIONS OF INFINITELY MANY VARIABLES IN
HILBERT SPACE*

BY

W. L. HART

1. Introduction. A point or vector § = (x3, %2, ..., %;, ...) with the de-
numerably infinite number of real cosrdinates (x;) is said to lie in Hilbert space
if there exists for ¢ a convergent modulus M# defined by the equation

Mi= ‘/f;x,.’

i=1

We shall denote this space by the abbreviation “H.” The present paper deals
with theorems concerning real valued functions f(£), defined for points £ in the
region R of H determined by the condition M¢ < 7, in which r is some positive
number. The functions considered are in all cases assumed to be continuous
according to a definition to be given in Section 2. In dealing with continuous
functions of infinitely many variables, the range selected for £ and the meaning
assigned to the term “‘continuity’’ determine the nature of the hypotheses and
proofs of the theorems which extend to infinitely many variables the various
results found in the theory of functions of a real variable. In a previous paperf
the author has considered functions f(£{) where { had as its range the region S
defined by
e — ai|< s G=12...),

where the s; were any positive numbers. The continuity assumption made in
Paper A was so strong and the region S was of such a type that classical methods
of proof with comparatively few additions sufficed for the development of a
theory of real valued functionsin S. In the present paper the range selected for
¢ and the weak continuity assumed for the function f(£) are of such a nature that
classical methods of proof must be radically modified before they can be applied.

The point of view of the discussion below is such that, as a consequence of
the Riesz-Fischer] Theorem concerning the Fourier constants of a summable

* Presented to the Society, September 8, 1920.

tThese Transactions, vol. 18 (1917), p. 125, ‘This article will be referred to as
Paper A.

t Cf. Lalesco, Equations Intégrales, p. 95.
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function, the results obtained are capable of immediate application to problems
in the theory of functionals. We shall consider the analogues for functions
f(§), defined for ¢ in R, of some of the most useful results in the theory of functions
of a real variable. In Section 2 a mean value theorem is obtained from which
there is derived a differential expression for f(£) where the notion of a differential
is defined in an appropriate manner. Hypotheses are then given under which
an analogue of Taylor's theorem with an integral form for the remainder can be
proved. In Section 3 the unique existence of a solution of an infinite system of
ordinary differential equations is established. In Section 4 we shall consider the
fundamental problem of implicit function theory for an infinite system of equa-
tions.

In Paper A results of the same character were obtained for the region S but,
because of the fundamental differences mentioned above between the present
viewpoint and that of Paper A, there are no essential points of contact between
the theorems for the region S and those found below.

Functions in space H were first considered by Hilbert in connection with the
theory of integral equations. Numerous authors, following the road opened by
Hilbert, have developed the theory of linear and bilinear forms in space H
together with their applications in the study of integral equations. In a recent
article R. Gateaux* has considered some properties of functions f(¢) where §
had as its range a certain type of sub-space of the region H. The present paper
is not concerned with results of the type considered by Hilbert. A few of the
results in Section 2 below are related to some theorems of Gateaux but no exact
comparison is possible because of a fundamental difference between the region
R of this paper and the range for ¢ used by Gateaux. This difference will be
referred to again in Section 2.

The notation used below is vectorial in character. Greek letters whenever
used will denote vectors with infinitely many coordinates. Vector equations
will imply the equality of the corresponding coérdinates of the vectors represent-
ed by the two sides of the equality.

If [£, = (®im x2m, ...); n = 1,2, ...] is a sequence of vectors, the limit
vector, denoted by

a = lim ¢y (a = ai, Qg ),

is defined by the equations

a; = lim x%;, =12 ...)

n—>%
provided the limits exist. A Greek letter with an added notation will represent
the vector obtained by adding the given notation to each coodrdinate of the

*Bulletin de la Société Mathématique de France, vol. 47 (1919),
p- 70.
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vector denoted by the unannotated letter. For example, if £ = (x;, %, ...),
then ¢’ = (x;, x;, o)

E)) = ), =), ...],

dg(t) _ [dxl(t) d2a(t) ]
dt a ' a T

If ¢ is in space H, this fact will be abbreviated by the notation “fH .’ The modu-
lus of a vector in space H will be denoted by prefixing M to the vectorial symbol.
For example, if £ and » are points in H, the modulus and the square of the modu-
lus of (§—n) are represented, respectively, by

M — ), Mg — »).

When there is no possibility of confusion arising, a sequence of quantities
will be represented by the type quantity enclosed in a bracket. For example,
((;m = 1, 2, ...) is abreviated by “(£,).”

2. Theorems on continous functions. Let the function f(¢) be defined for a
certain set R of points ¢ in H. It will be convenient to use the following defini-
tion* of continuity:

DEFINITION 1. The function f(£) is continuous at a point a in R if, whenever

(1 lim M(¢ — a) = 0,

where ¢, is in R, it follows that
tim f(&) = f(a).

If a sequence (£,) and a point a satisfy (1) it is said that the sequence converges
to « in the strong sense. Continuity as here defined is of a much weaker type
than complete continuityt which is frequently postulated for functions f(§).

Consider in the future only those points 7 in the region R defined by the in-
equality Mt < r. If we consider the quantity M(¢, — ) as the distance
(Vécart) of the two points £, and a, the region R is not} compact. This fact
constitutes the difference already referred to between the region R and the region
used by Gateaux. If a compact set of points were used instead of R a different
theory would result. Some of the theorems below which would remain true in
a compact region could be proved under weaker hypotheses and the proofs in
certain instances would be easier. However, from the point of view of the possi-
ble applications of the present results, it seems best to choose the region R as
specified above.

* Cf. Gateaux, loc. cit.

t Cf. Paper A, p. 129.
$ Cf. Gateaux, loc. cit.,, p. 72.
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For the region R there is the well known analogue of the Weierstrass conden-
sation theorem which is stated in
LeMmMma* 1. If (£,) is a sequence of points in R we can extract from it at least
one sub-sequence (£,) to which there corresponds a point a in R satisfying the
equation
imé, = a
n—>0
It should be noted that, as a consequence of the notational agreements of this
paper, the convergence affirmed in the lemma requires merely that the coérdi-
nates (x.f,,) of £, satisfy

lim %}, = a; (@a=anay...;1=12...).
N=—>00

Another well known property of the region R is considered in
LeMMA 2. Suppose that (£,) is a sequence of points in R which satisfies

(2) lim M(fn - sm) = 0.
%, m—>o0
Then, there exists a point a in R to which the sequence converges in the strong sense.
Because of its brevity the proof of this lemma will be repeated here. It is
seen from (2) that, for every number ¢ > 0 there exists an integer N, such that
ifn =2 N,m 2 N, then
k

(3) E(xin —%m)? S e (k =12...).

i—>1

It follows from (3) and from Lemma 1 that there exists a point « = (aj, as, . . .)
in R such that

lim ¢ = a.
N—>0

Moreover, if m in (3) approaches infinity while # remains fixed, it is seen that we
obtain the inequalities

@ i(xe. —6)se (k=12_..).
—>1

Hence, if 2 N,, it follows from (4) that M? (¢, — a) < e, which shows that
equation (1) holds for a and the sequence (£,).

It should be noted that a function f({), which is continuous in R, does not
necessarily attain its bounds if it is bounded in R. One property of ordinary
continuous functions of a real variable which does persist for f(¢) is given in the
obvious

* Cf. Riesz, loc. cit,, p. 57.
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ProposITION 1. If f(£) #s continuous at a point a tn R, it follows that for every
number ¢ > 0 a number d, > 0 can be found such that if M(t — a) < d,,
then

(5) | 76) — f(@) | = e

It will be useful later to have
PrOPOSITION 2. Suppose that f(£) is continuous at all points in R. Then,
Jor every & in R, the function of u represented by fl& + u(a — £)], where a is in
Rand 0 = u £ 1, is continuous with respect to a, uniformly for all values of u.
That is, if
lim M(a, — ap) = 0,

n—»0

then
©) lim f[¢ + w(ay — §)] = fl¢ + u(w — 9],

n—>w

uniformly for all values of u.

Let 9,(w) = & + u(a, — £) and suppose that the uniformity specified in (6)
doesnothold. Then there must exist some number ¢ > 0 such that, to every in-
teger n there corresponds a value %, and an integer m’ = # such that

) | flnm@a)] — flno(us)] | > e

In (7) it is seen that each #, is associated with a vector a,,. Since all values
(u,) lieon 0 < u < 1, it follows that we can select a sub-sequence (x,), converg-
ing to a value #. Iet (a,) be the sub-sequence of (a,) which is associated
with the sequence (x,). Then, from (7) we obtain

®) |flimn)] — flno(wn))| > ¢ (na(un) = &+ wnlon — ;= 1,2, ...).
Since no(%#) = £ + #(ap — &), it follows that
) Mno(ws) — no(@)] = & — ua| ME — o),

(10) Mnn(un) — no(@)] = M — uz) (¢ — o) + tn(an — o)),
< | — upl M(E — o) + uf M(al — a).

The expressions on the right sides of (9) and (10) both approach zero as »
approaches infinity, so that, as a result of the continuity of f, it is sken that

Jim fla(wa)] = lim flno(w)] = flno(@)],

which contradicts (8) if # 1s sufficiently large. Thus the proposition has been
established.
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As another obvious property of continuous functions we may state that if
fi® ( =1, 2, ...) are continuous in R and if the series S(§) = Zfi(§€)
converges uniformly for all { in R, then S(¢) is continuousin R.

For a function f(¢) defined in R we shall establish an analogue of the mean
value theorem in

THEOREM I. Let f(£) be continuous at all points in R. Suppose that there exist
partial derivatives Of(£)/dx; (j = 1,2, ...) which are continuous for ¢ in R and
are such that, for all £ in R, there exists

(11) 2 %-%)l’ =K,

where K is some positive number. Then, for every pair of points (¢, ¢') in R, st
Jfollows that

® 1 r
12 ) = O+ Y @G- ﬁ ekl = D),
f=1

In order to prove the theorem let us first suppose that the two points (¢, ¢’)
satisfy
Mg <, Mg <

We notice that, for all values of # on 0 < % < 1, the point [§ + (¢’ — §)]
is in R because

Mg+ uE — D] = (1 — Mg+ uME' <.

Let { = (¥1, ..., %y %ypyr --.). Then, since {, differs from ¢ only in the
cobdrdinates after the nth, it is seen that Mg, < rif n is sufficiently-large, and that

lim M(¢, — ) = 0.

n—>o0

Hence

lim f(£) = f&).

If nis so large that M¢, < r, so that {, is in the region R, it is easily established
that the mean value theorem for the case of a finite number of variables can be
applied to f(¢) with the result that

» 1 i _
(13) &) =1+ @~ [ bfﬁ%(r_g_l .
s=]1 §

Let us consider the function S(a) defined, for all a in R, by the equation
l —
(14) Sta) = 3 i - mp f Pt M= Bly,

=1
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Let us first prove that S(a) converges uniformly for all «in R. As a consequence
of the Lagrange-Cauchy* inequality for sumsit is seen that the sum of the terms
in (14) for (¢ = n, ..., m) is, in absolute value, at most

(15) JZ @ — =) 42 fl Slet ule = Dl g, |

=1 S axi

As a result of the Schwarz inequality for integrals,

[ rwas|-| [ e,

it follows that (15) is at most equal to
du < ‘IK \/Z(x‘ — %)%,

Ve-2y[ E

s=n fm

4 2
(16) i f ) g(x) dx| s

g+ u(a — §)] u(a ol

which, as # and m approach infinity, approaches zero uniformly for all « in R.
Consequently S(a) converges uniformly.

In order to prove that S(a) is a continuous function of « it is necessary for us
to show that each term in the series (14) is continuous. ‘T'o do this we note that,
if

fim M(a, — a) =

n—>00

then, as a consequence of Proposition 2,

i 16+ #(aw — D] _ Lt + ua = O]
n—>0 ox; ox;

uniformly for all values of # on (0,1). From this it follows that

POflt + u(ew =81 5, _ f‘ oAle + ula = O] 4,
0

lim
i v

n—wo JO bx,-

which establishes the continuity of the terms in (14).
By a slight transformation of (13) we obtain

@© 1 —_
I N A O O
s=n+1 i

As a consequence of the continuity of the functions S and f it is seen that the
limiting form of (17) as » approaches infinity is

fE) = f®) + S@),

* Riesz, Systémes des Equations Linéaires, p. 36.
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which is the desired equation (12). It remains to show that (12) holds when
ME = ror M¢' =r. Suppose that one (or both) of these equalities has occurred,
for example, Mt = r. Let #(v) represent the point whose coérdinates x;(v)
are defined by
%(0) = x; (G=1,2, ...;% 5 1),
%, =%, — v x—' ’
where 7, is some integer such that x;, % 0. For v > 0, hut sufficiently small,
ME(v) < r and, for the same values of v, equation (12) is valid with £ replaced
by £{(v). The right member of (12), after this replacement, is a continuous
function of v for0 < v < 1 which, as » — 0, reduces to the right member of (12)
as it is written in the statement of the theorem. The same procedure evidently
applies if Mt’ = 7, so that the proof of the theorem is complete.
The proof of Theorem I would have been practically unchanged if, in place
of condition (11), it had been assumed that the series
Z” Yi @) '
=1 ox;
converged uniformly for every pair of points ¢ and 9 = (91, s, ...) in R.
Before considering the notion of the total differential of a function f(¢) let us
first define a linear function /(#) as one which satisfies the following conditions:

(a) U(¢) is continuous for all points £7.
(b) For all points 7 and &%, Ut + &) = (&) + U&).

In order to obtain an explicit expression for I(£) let us consider those points in
Hilbert space of the form (%, ..., %,, 0, 0, ...), which we may denote by
(¢),. From conditions (a) and (b), as is well known, it follows that, if 87
is the point with all coérdinates zero except the sth, which is 1, then

l[(E)n] =ax + - + (1% 2% (ai = l(sl))’
From condition (a) it is seen that
(18) 1O = tim @) = Yo
n—>0 §=1

Since (18) converges for every £7, it follows* that the point a@ = (a;, as, ...)
is itself in Hilbert space, and a function I(£) is therefore identical with some
linear form in infinitely many variables.

For a function f(¢) defined in R let us define the notion of a differential as
follows:

* Cf. Riesz, loc. cit., p. 47.



38 W. L. HART [Janitary

DEFINITION 2. A function f(£) has a differential I(£,') at a point & of R if
I(t,¢") is a linear function of (£’ — &) and if there exists a function h(£,t") such
that, for all ¢’ of R,

(19) f(&) = f® + W& &) + k&) ME —9),

where, moreover,
Lim h(¢ ¢') = 0.
ME' ~-§) —0

With the aid of Theorem I let us establish

TreoreM II. Under the hypotheses of Theorem 1 with the condition (11)
replaced by the assumption that the series in (11) converges uniformly for all £in R,
it follows that f(£) possesses a differential 1(§, £'). Moreover, the U(§, §') and
h(t, &) corresponding to f are continuous functions of (&, £') at all points in R and
i ! of())

— %)

2 I ¢) =
(20) & &) 2 o5,

As a consequence of equation (12) the I(§, ¢') defined in (20) satisfies

®© 1 [
@1 1/(s'>—f(s> e 80| =[S iy [ {LEEAE OO,
i=1 ) 3

ae—o 5 () P =)

)  SME—8 J f '-l(bf[s+;g'—e>1 _agi)ydu

where the second inequality is a consequence of (16). In view of the type of
convergence assumed for series (11), it is seen that the expression under the radi-
cal in (22) converges uniformly for all values of («, §, ¢'). A course of reasoning
similar to that used in regard to S(a) in (14) shows that the expression under the
radical is a continuous function of ¢’ and hence approaches zero if ¢’ varies in
such a way that M(#' —§) — 0.

Let us now define h(¢, £’) by the equations

(23) h(t & =0,
kg, EIME —5) = fG) —f@) — & &) (¢ = &)

It is easily verified that the equation (19) is satisfied by I and & as defined in (20)
and (23). Moreover, since I(¢, £') of equation (20) is continuous in ({, ¢')
for every pair of points in R, it follows from equation (19) that h(§, £') possesses
the same property. This completes the proof of Theorem II.
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By precisely the same method as was used in the proof of Theorem I we obtain
in Theorem III below an analogue of Taylor’s theorem for f(£). The proof will
not be given since, except for the greater complication of the formulas, the steps
would be almost identical with those of the proof of Theorem I.

THEOREM II1. Let f(%) satisfy the hypotheses of Theorem I. Suppose that all
partial derivatives used in the formulas below exist and are continuous for all points
& in R. Assume that the series

d™f(®)
e Vi T~ = ly 2’
,-l,,,,,i,;-, Y Y e om, (m

tm

co M)

converge uniformly for all points n = (1, ¥2, ...) and § in R. Then, for every
pair of points (¢, £') in R, it follows that

bf(i) 3 (i ) (i — %) DY)

) — 1 = S — )

f=1]1 f1,82=1 21 bxil axt}
+ -+ Z (xil—' xi,) . -(xi,,_, — %, ,) b("_l)f ®
t”_l =] (n —_— l) bx"‘. . .bx""_l

+ i: (x’l x‘l) Cc (x‘n x‘n) f b(”)f[E +uf’'—§)] (1— u)n—ldu

il...,i'”-l (n—l)' bx‘”

3. Solution of an infinite System of differential equations. Consider the
infinite system of ordinary differential equations

dx,

24 =£it, G=|m ... [5i=1,2..),

which in vector notation becomes

I =¢(% %) (=fi fo ...)-

Systems of the form (24) in which the f; were linear functions of ¢ entered as
special cases in certain theories of E. H. Moore* and of T. H. Hildebrandtt
in the domain of Moore’s General Analysis. ‘The author, also, has considered}
a theory of linear systems in which the right members of the equations were
analytic functions of ¢. Certain of the linear systems included under the
general theories of Moore and of Hildebrandt, as well as the linear type consid-

* Atti del IV Congresso Internasionale dei Matematici (Roma, 1908), vol. 2, p. 98.
t These Transactions, vol. 18 (1917), p. 73.
f{American Journal of Mathematics, vol. 39 (1917), p. 407.
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ered previously by the author, when restricted to real values of the quantities
entering, would satisfy the hypotheses imposed below on the system (24).
In a course of lectures, which the author attended at the University of Chicago
in 1915, E. H. Moore* established the existence of the solution of a differential
equation of a general form in the field of General Analysis. The postulates of
Moore, when interpreted for (24), differ in certain essential features from the
hypotheses under which the system is considered in this paper.

In the consideration of (24) it will be convenient to denote by W the class
of all functions £(¢) with the following properties:

(a) For every value of ¢ on some interval |¢ | =< T, the function {(f) is in R.
o) 1 ]t’l < T;and |t"| < T, then
lim M[t@)—E@")]=0.
| —0

|¢r—e”
The existence of a solution of (24) will be established in
THEOREM IV. Let the funclions f; in (24) be defined and continuous simul-
taneously in their arguments for It | S T,and ¢in R. Assumethat for every (t, £)
the| modulus M ¢(8, £) exists and that there is a number A > 0 such that, for all
[t]= T,

(25) Mgt &) —o(t, &)1 = AM(8— &),
for every pair of points (£, &) tn R.  Suppose, furthermore, that M(t, 0) has an
upper bound b > Ofor all || S T. Then, if || is sufficiently small there exists,
among functions of the class W, one and only one function £(t), satisfying (24)
and the initial condition £(0) = 0.

Tet us first note that there exists a number B > 0 such that, for all (¢, §),
(26) Me¢(t, £) =B.
This fact is a consequence of the ipequality

SAME + M¢(t, 0) < Ar+ b,

from which it follows that (26) is true with B = Ar + b.
We also note that, if £(¢) is in the class W for |t| < T) £ T, the expressions
£:lt, £(2)] are continuous in ¢ because, if lim {, =y, it follows that
n—>0

’}Tw Mgt) —E@®] =0,

so that -
”liﬂfi[tm £(tn) ] = fi[t’ EG)]'

* L hese lectures are unpublished.
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We shall show the existence of the solution £(f) by proving that such a function
is approached in the strong sense by the sequence [5,‘(‘)] defined formally by
the equations

$=0

't

@) aO= [olny, 00 E=13 ..
For the sake of simplicity in certain steps of the proof suppose that ¢ = O;
obvious modifications would suffice for the case # < 0. Inallintegrals occurring
below, the integration is with respect to ¢ and, for convenience, the symbol dt
will be omitted in the integrands. The convergence of the sequence [£,(f)]
will be established in two steps. It will first be shown that a number d > 0
exists so that for [t | < d, the functions of (27) are defined and belong to the
class W. It will then be shown that, for |t| < d, the sequence (27) converges
in the strong sense to a solution £(z).

To accomplish the first step mentioned we shall show that there exists a num-
berd > 0,d < T, such that, for every number ¢ > 0 there can be found a num-
ber g, > 0 such that, for all values of % and for all values of (¢, ¢’) satisfying

lt—t'| s g |t|=d [¢'] =4,
we have the inequalities.
(28) Mig() — &) S e, MEQ) =r.
Consider (28) for £ =-1. With the aid of (16) it is easily verified that

(29) Z[ [ };(t,O)]zélt—t'liz:jll [ "f:’(t, 0)l=|t—-t'| f "f‘_,ff 0,

=] fm]
!’
f M?e(t, 0)
[]

Since (29) is true for all values of # it is seen that

30) wawr—s0)] = 3 [ 0] sml—rp.

=1

< |e—¢| sB|t—¢' |2

Let d be the smaller of T and r/B. Then it follows from (30) that (28) is true
for £ = 1, so that (#) is a function of the class W. Consequently, the ex-
pressions f;[¢, £(t)] are continuous in ¢ and therefore &(t), as defined in (27),
exists. The same procedure as in (29) and (30) now suffices to establish the
truth of (28) for all values of k. ‘The number g, noted above in connection with
(28) can be selected independent of & because the right member of the in-
equality corresponding to (30) would be the same for the function £(t), & > 1,
as it is for & ().
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To perform the second step of the proof let us first show by induction that

k-1 _k
A Bt

= k=12 ...).
iy ( )

@ M (a0t _0]s

From the defining equations (27) and from (30) with ¢ = 0, we obtain the equa-

tions
M[&(t)—&] < By,

(32) M"’[Ez(t)—-&(t)]=M2[ [ olt, £(8) 1 — (¢, o)]
=Z[—[}i[t: a@1-£, 0)]2.

0
i=1
As a consequence of (25) it is seen that

00 2
(33) M"[ut, 80— 60, 0)]= ;[f;[t, 51—t o>] < AME0) — &)

< A’B*.
Since, as a consequence of (16), the sum in (32) for¢ = 1, ..., n is at most
” t 2 t n \ 2
34 il -—f,-t,O =1 ,'t, t ‘—,',0
(34) t(;l[{f[té(t)] ( )}) S5 (s s0n1-s0.00)

2p2,3
§t(ABt)’

it follows that

(A’B*’) _ AB*
3 =

wat-60 ] s 2

which establishes (31) for the case £ = 2. A simple induction proof, in which
the steps would be the same as those taken in (32) to (34), would now suffice
to establish (31) for all values of k.

As a consequence of (31) for k = m + 1, ..., n, it follows that

k-1

(35) M-t 0]sy A ZE a>m.
kmmt1 VEk!

Since the series, whose general term is the expression under the summation sign
in (35), converges uniformly for Itl = d, it isseen that the left member of (35)
approaches zero as # and m approach infinity, uniformly for | t| =d. Asa con-
sequence of this uniformity it is readily established, by a method similar to
that used in Lemma 2, §2, that there exists a function £() such that

nli?:oM [En(t) —E(t)] =0,
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uniformly for | t | = d. Moreover, since the g, related to (28) was independent
of k, it follows that
(36) lim M&(t') —£(1)]=0,

|t—¢ |—0

uniformly for all [¢| < d, |#'| < d. Thus £(¥) is a function of the class W.
To show that £(2) is a solution of (24) it is first necessary to prove that, for
every value of 7,

37 lim f;[4, £&(0)]= filt, §@)),

n—>»0

uniformly for [ t | = d. Letusestablish this by anindirect argument. Suppose,
therefore, that the uniformity does not hold. It follows, by reasoning such as
was used in Proposition 2, that a sequence of points (¢,) can be found on the
interval |t| < d with lim ¢, = ¢ to which there corresponds a sub-sequence

{2’ ,,(t)} of the functions of (27), satisfying the equations
(38) |filtw €01~ filtw EED1 [ > e (n=1,2,..)).

In view of the fact that
Mg () —£(t)] S MIE () —£() ] + MIE,() —£@) ] + M[E@) — () ],

which approaches zero as # approaches infinity, it follows from the continuity
of f;(¢, £) that the left side of (38) approaches zero as # becomes infinite. Hence
(38) has been contradicted and uniformity must exist in (37). Because of this
uniformity it is seen that the limiting form of (27) as k approaches infinity is

€)= f o1t )],

from which (24) is obtained by differentiation.

It remains to prove that £(¢) is the unique solution of (24). Suppose there
were a second solution 5() belonging to the class W for |¢| <d; <d. Then
M£(t) —n(t)] £ 2r. Moreover, we verify that

w0 —n01= 35 {[fitk01~sis n00 |

" f ko1t onf

< |t i
< | t[*(4r?42),

i=1

where the last inequality follows from (25) by the procedure illustrated in
(34). In like manner we obtain in succession

41‘2A2k|t|2k

M2E(@) —n()] £ - = k=12..),
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from which it is seen that () =£(#) for |¢| S di. This completes the proof of
Theorem IV.
With the assistance of Theorem I it is easy to establish

COROLLARY 1. In place of condition (25), assume that there exist partial
derivatives O f;/0x; which are continuous in (2, £) and are such that, for all (,£)
satisfying MESr, |t| ST, we have

where ZGm1 bf,- converges. Then, there exists a constant A satisfying (25).

é bii’

Because of Theorem I we may state that

N (. 1ofilt, 6 + ulta—8)] , |
3 i) ) ettt

‘2
|/.-(t. AR s,)‘ =

< M-8 b

=1

Hence (25) is satisfied with A = J Zv -1b .

In the next corollary there is established a characteristic of the convergence
of the difference quotients Ax;(#)/ At to the derivatives dx;(t)/d¢ which is use-
ful in an application of Theorem IV to be treated in a later paper.

COROLLARY 2. In addition to the hypotheses of Theorem IV assume that there
exists a number C > Osuchthat,foriinRand|t1| sT, |t,| ST,

(39) Mgt ©— ot ] S Clu—n].
Then, the function £(t) satisfies the equation
(40) lim M [‘—(ﬁﬁ)—g‘—) —8lt, (1) 1] =

uniformly for all values | t| < d.
From equation (24) it is seen that, if l to | < d,

E(to+ A —E(to) _ Y folt, k)] —lte, £(t0)]
B VR ¢[to.£(to)]—[ { A 2 }

Call the quantity on the left n(%, At). It is easily verified that

(41) (8)°MPn(to, A1) = ij[/ {fs[t. e(t)l—fslt.,f(t.)l}]’-

1=4
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The sum of the terms on the right in (41) for z = 1, ..., x is at most

@) 2l ml| [ NZ, {pten-saen} +{itr s01-slto g1} |

If Atis so small that, as a consequence of (36), M 2[E(t) — ()] S eforty St
< ty+ At it follows from (25), (39) and (42) that

to + A2
AEM?y(t, Af) S 2| At| ' f [62( At)2 + Aze]
to

43)
< 2(A1)? [Cg(At)z + A2e].

Since ¢ in (43) can be selected arbitrarily small it follows that (40) holds for
t = t,. The uniformity affirmed in the corollary is a consequence of the fact
that the steps in the reasoning above can be accomplished uniformly for all
|t] = d.

4. Implicit functions. Let us consider the solution of the infinite system of
equations
ft(tlz)=0 (£=xl)x2n ;i=l» 29 ~'-)v

which, in the vector notation, become
(44) ot §)=0 (¢=fufu...)
where (¢, £) are in the region P defined by

[t|=T. Mg <.

Suppose that (¢ = 0, ¢ = 0) satisfies (44). We shall establish the existence of
a solution £(#) for which £(0) =0, in

THEOREM V. In system (44) assume that the f;(t, £) are continuous in their
arguments if (1, £) arein P. Supvose that for all points in P the series ., [, )
converges uniformly. Assume, moreover, that all derivatives Of; (8, £)/dx; (i, §
=1, 2, ...) exist and are continuous in P and that the two series

(45) ’ _Ofilt é)\ lbf.(t i
t=1

(' J-l

converge uniformly for (t, £) in P. Then, if the convergent infinite determinant
ofi(0, 0)]
A #0 [A;
’L,j-x.z,... a ox;

1t follows that there exist positive numbers ¢ < 1, d S 1 such that, for all points t
on the interval | t [ = cT, there corresponds one and only one point £(t) in the region

A=
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Mt £ dr such that [t, £(t)] satisfies (44). All coordinates of the function £(%)
so determined are continuous for |t| < cT.

The hypotheses of Theorem V as stated are stronger than is necessary and
have been made so for convenience in the proof. At the end of the present
section weaker hypotheses leading to the same conclusions will be mentioned.
The theorem will be established by first obtaining a system

(46) £='I'(t’ E) (¢=hl: h2’ LR )I

equivalent to (44) and by then solving (46) by the method of successive sub-
stitutions.

Define ¥ (2, £) as the function whose coérdinates k;(t, £) are given by the solu-
tion of the infinite system of linear equations.

47) &)+ D Aylhi—x)=0 (G=1,2...).

i=1
Let A; = d; + a; where d;; = 1, d;; = 0 (15%47). The infinite system (47) is of
a type* for which the determinant A and all of its minors converge absolutely.
Since we have assumed A0, it follows{ that there exists an infinite matrix

B = (by)i,j=1,2, ...

which is the reciprocal} of the matrix (—A4, ;);;=1,2 ... and by mcans of which
the solution of (47) is given in the form

(48) -5 =3 bahih®)  G=1,2,...).
k=1

Moreover, since A#0, the system (44) is equivalent§ to the system (46) with
¥(t, £) defined by (47). After certain preliminary considerations we shall solve
(46) by the method of successive substitutions.

Let us note some properties of the b;; which result from the special character
of (47) and are consequences of the theorems proved in the sections of Equations
Linéaires referred to in the preceding paragraph. Since, for every point a =
(a1, as, . ..) in space H, the system

(49) 3 Agz=a; G=1,2,...)

i=1

* Riesz, loc. cit., p. 35.

t Riesz, loc. cit., §§ 30, 68, 69.

t Hellinger-Toeplitz, Mathematische Annalen, vol. 69 (1910), p. 311.
In the future, references to this article will be embodied in the text by the notation “H. T.
p.(—).”

§ Cf. Riesz, loc. cit., p. 29.
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has a unique solution { = (2, s, . ..) in H, where
(50) ==Y bam  (=1,2..),
k=1

it follows (H.T. p. 321) that the matrix B is lfmsted in the Hilbert sense (H.T.
p- 206). ‘That is, there exists a bound b > 0 such that, for all points " and 5" =

(ylr Y2 - -)’
(6D

D wbyy;

$,j=1

< bMEMy n=1,3,...).

Since the matrix B is limited with the bound b it follows (H.T. p. 297) that
each of the series

(i:b,?,,; i=1,2, ... ) , (ib},,;k=l, 2 ... )
k=1 ju1

converges and is at most b®. Moreover, for every point a = (ai, as, ...)
in H, the point { whose codrdinates z; are given by (50) satisfies (H.T'. p. 301)
the equation

(52) M¢ < bM a.

On using (52) for the case of (47), we obtain
(53) M@, &) —£] < bM¢(2, ).

It should be noted that, as a consequence of the present hypotheses, M¢(t, {) is a
continuous function of (¢, £), and, moreover, M¢(0, 0) = 0.

It will be necessary later to use the derivatives Oh;/dx; which, provided that
the series used below converge uniformly, may be written

Ohi _ 4. _Oft, &) 19
5 d,,+z:lb,,, - Gi=1,2...),
Oh; ofi(t, §) )
T W
(54) o ki: (oA

The last reduction in (54) was a consequence of the equations
dy=3 —bady  Gi=12..)
k=1
which hold because —B is the reciprocal of the matrix (A;). The uniform
convergence needed in writing (54) is established in
LEMMA 3. The infinite series

(55) seH=3"

i k=1

2

(D,
ax‘ ki
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converges uniformly for all (t, §) in P and, as a consequence, the same fact can be
stated concerning each of the series (54). Moreover, S(t, £) is continuous if (¢, £)
are in P.

By an obvious transformation of (55) we obtain the inequality

2 ®©
seosey [PED_g, ) 403

N k=1 X; i k=1

2

dki_Aki

The uniform convergence of the series on the right, and hence the uniform con-
vergence of S(¢, £), is implied by the type of convergence assumed for the series
(45). The uniform convergence of (54) can be inferred from the inequality

i bax (M_Ak,-)r = bzi (M —Akj)z’

E=n bxj k=n 2]

(56)

which is obtained by use of the Lagrange-Cauchy inequality. When # and
m approach infinity the right member of (56) approaches zero uniformly for
(¢, £) in P because cf the uniformity in (55). The continuity of S(, £) is evident
because each term in the series (55) is continuous.

It is seen that S(0, 0) = 0. Hence, if a positive number w < 1 1s assigned,
a positive number d < 1 can be found so that S(t, £) = 11)2/b2 if (¢, &) satisfy M§
< dr, |t| = dT.

With the aid of the properties possessed by S(t, £), let us show that a positive
number ¢ < d can be selected so small that ¢ and d satisfy the statement of
Theorem V. In order to do this let us consider the sequence [£,(f)] defined by
the equations
£ =0
(57) £() =91t e (9]

We shall first prove that a number ¢ < d can be found so that for all values | ¢ l =
¢T the sequence (57) is defined and satisfies M£,(f) < dr. As a consequence of
(53) we obtain the inequality

(k=1,2,...).

Ma(t) < bM¢(t,0).
Since M (0, 0) =0, we can select ¢ < d so that, if | t | = cT,
(58) M) < dr(1—w) <dr.

By use of Theorem I we derive the equation

) 8- B0 =41t & 0)-9(,0)
=3 50 j)‘ W[, 11(2) -!Z;af(zl(t)-go)] e

i=1 X
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The coordinates of the derivatives &y/x; are given by (54) and it is seen that the
condition (11) of Theorem I is satisfied in the present case because, if Itl scT
and M¢ < dr,

bh.' t, z b2w2 ;
i( b(xf)) §b25(t,f)§-})?=w2 t=12...).

j=1 j

Lemua 4. If |t| S T, M§' < dr, ME" < dr, the infinite matrix K = (ky),
whose elements are given by

Ol E =8 .
k"'-l o du (7=12...),

is limited and its bound may be taken as w.
First consider the matrix

F= (bht(t: E) ) .
ox; Jii=1,2,...

From equation (54) it is seen that F is the product of the matrices B and G where
6= (6 _y)
ox;:

i ki=1,2, ...

If |¢]| S cTand M¢ < dr, it follows (H. T. p. 307) that G is limited and that its
bound may be taken as VS(Z,£) < w/b. Hence the matrix Fis limited and
has the bound b(w/b) = w (H. T. p. 300). To show that K has the bound w
it is merely necessary to note that, if « = (a1, a2, ...) and B = (by, by, ...)
are in Hilbert space then, on account of the limited character of F,

» 1 » ’ 1"_ gt
Z aikiibj ‘A‘ Z a‘bjahi[t»e + u( _E)]du < wMaMB.
=1

=1 bxj
From the definition of a limited matrix in (51) it is seen that (60) completes the
proof of the lemma.
In order to establish Theorem V, return to equation (59). From Lemma 4
and from equation (52), interpreted for the matrix K instead of B, it follows that

Mla@) —&()] = wMa() S wrd(1—w) <dr.

(60)

Hence it is seen that

M&() S M&0—-&0)]+ Ma®) S dr(1—-w)(1 + w) =dr(1-v?).
In a similar manner it can be proved by induction that

(61) MI&®) —t—1()] S wMge () —f—2()] S w* T dr(1—w).
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From equation (61) it is easily established by the method used in connection
with (35) in Theorem IV, that there exists a function £(f) such that

lim M[£ () —£(1)]=0,
k—>00

uniformly for |¢| < ¢T. On taking the limiting form of (57) as k approaches
infinity, we obtain
EO) =yl £0)],

and hence £(¢) is also a solution of (44).

The solution obtained is the only one existing for l t | = ¢T because, if for some
value | t;l <cT there was a second solution 7" = (3, 7s, ...) # #(4,) and satis-
fying Mn < dr, then

§t)—n=y[t, Et) -y, m) )
=30 (- f Wl n + uEw) =]

J=1 bx,-

From this it follows from Iemma 4 that
MIE(t) —n] = wM[E(t) —1),

which is a contradictory statement unless £(#;) = 5. This completes the proof
of Theorem V.

Let us consider how the hypotheses of Theorem V could be weakened. In-
stead of postulating the uniform convergence of Z:_ 1 £, 8 it could be
assumed that each function f;(¢, £) has an upper bound B; > 0. We could then
obtain a system, equivalent to (44) and satisfying the conditions of Theorem V,
by dividing each function f;(¢, {) by ¢B,;.

In the second place, by use of certain results from the theory of infinite deter-
minants,* Theorem V could be proved with the first condition of (45) replaced

by the assumption that
£ (1_ i e))"
i=1 or;

converges uniformly.

It is not intended in the present paper to consider applications of the results
that have been obtained. It should be noted, however, that the solution of the
system of differential equations (24) suggests a means for the solution of & re-
lated type of differential-functional equations. The solution of the system
(44) suggests a method for solving a related type of functional equations. The
author will consider these applications in detail in a later paper.

* Cf. Riesz, loc. cit., p. 39.
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